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The Laplace Transform of the Linear
Car-following Model

Mostafa GHANDEHARI and Siamak ARDEKANI

Abstract. Laplace transform is used to analyze the differential-difference equa-
tion for the linear car-following model. The car-following model has been de-
veloped to deseribe the dynamics of a platoon of vehicles initially traveling at
uniform speed and spacing when the lead vehicle introduces a perturbation by
decelerating or accelerating. Shifting theorem and the convolution theorem for
Laplace transforms sre used to model fluctuations in velocities and spacing of
following vehicles as 2 function of the deceleration or acceleration of the lead car
when the initial velocity and spacing are given.

1. Introduction

The car-following model has been developed to deseribe the dynamics of a platoon of ve-
hicles initially traveling at uniform speed and spacing when the lead vehicle introduces a
perturbation by braking or accelerating. The linear car-following model was developed by
Chandler, Herman and Montroll [1]. Assume that x, (t) gives position of the n*® car in the
platoon at time ¢, and v, () is the corresponding velocity function. Thus the position and
velocity functions for the leading car are given by o (t) and v (t), respectively. Chandler,
Herman and Montroll assume that the acceleration of the n't car with time delay T is pro-
portional to the relative velocities of the n*" car and the (n —1)*" car. In a subsequent
paper, Herman et al. [2] have used a treatment of Laplace transform techniques on the car
following model. The following differential-difference equation describes the motion of the
cars in the platoon:

zn (E+T) = =2 [z, () = 2y ()] - (1)

The constant ) is called the sensitivity constant. If the delay time T is small, as should be
the ease in driving, we obtain the following second order differential-difference egquation:

an (8) = =2 [zl (8) — s ()] - (2)
From equation (2), the corresponding equation for velocities is
Uy () = =Alun (£) = v (£)]. (3)
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In section 2, we use the Laplace transforms with given initial velocities to analyze equation
{3). The direct integration and differential operator technigues are used in section 3. In
section 4 we use Taylor series expansion to analyze the differential difference equation (1).
For a more detailed discussion of the car-following models see chapter 3 of Haberman [3]. A
table of Laplace transforms is given in Abramowitz and Stegun [4].

2. The Laplace Transform

We use the notation 4, for the Laplace transform of v, (t). Recall that the Laplace transform
of derivative is given by

Tl = sy, — vy, (0} (4)

Where v, () is the initial velocity of the n*® car in platoon at time t. We now take the
Laplace transform on both sides of equation (3) to obtain

5Ty — iy (0} = A, + Afip_1. {5)
Equation (5) reducea to the following difference equation for @,
(84 A)Bn = =ATn_1 + 1, (0). (6)

The salution to the above difference equation is given by Gersting [5]

n

AT v; (0}
ﬁn=tm3i[ﬂu+z Y :| (7

i=l

We use a shifting theorem and-take the Laplace inverse of both sides of equation (T)

_ o 1_ = 1 o= {0)
. A Ly _— L - a2
'!"'rl-_*]"rtB ! [L (S:iw)-i_l" (sng At ):| ) {81
The convolution theorem and the fact that L™! (ln) = 1 171 yields
S & (n—1)
_ :"'"E_‘u ‘ =1 -1 * L {U:I'
uﬂ_mu (¢ — )" up (r)dr + ¢ ; 2 (9)
We then integrate v, () to obtain the position function
i
2a ()= [ va()dt+2a(0). (10)
1}

In the next section we use direct integration to analyze equation (3).
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3. Direct integration
Equation (3) is a standard example of a first order linear differential equation for v,. Let
Dl Aun = Avn—1. {11)

Multiplying both sides of equation (11) by the integrating factor ¢*' we obtain
% Ize"“t.r,‘} = Ae*u,_;. (12}

Let w, (t) = eMu, then
ty, (t) = Aun 1. (13)

Note that 1, (0) = v, (0). Assume that the leading car initially slows down to speed c at
the same time that all other cars in the platoon are moving with initial velocities

U (0)=d, n>1 and w(0)=c wherec<d
By repeated application of equation (13), we obtain

vn (t) =ce_3't9§ +d|:2 it%}] (14)

Note that expansion in equation {2) will yield equation (14) if we let vy (0} = c and 1; (0) = d.
Thus the Laplace transforms approach and the direct integration give the same result. Now
we consider some limiting cases. We take the lim wy, (t). This gives

b

L
lim wy, () =e™* lim [—E—Tﬁ}ﬁﬂ- + d.e“*] . (15)
—+00 nR—+00 n!
Utilizing }
(At
e o, (16)
cquation (15) can be simplified to
J;]{Ialbun (t) =d. (17)

Equation {17} shows that the cars too far from the leading car are not affected by the sudden
slow down of the leading car. We also use L'Hopital's Rule to analyze the long run time
behavior. This yields

Jﬂnuﬂ th=e {18)

Note that the limit in equstion {17) is for n — oo (last vehicles in a long platoon) where as
in equation (18) we allow ¢ — oo (asymptotic behavior in time).

Equation (18} indicates the obvious fact that if the leading car insists on maintaining a
constant slow speed of ¢, then eventually all the cars in the platoon have to adjust to speed
lim v, (t)=c. '

n—to0
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The differential operator approach also gives results consistent with results shown abowve,
By repeated application of the differential operator D+ AT on both sides of equation (3] we
obtain

(D =+ A"y = Ay (14}

The homogenoos sclution to the linear differential equation (19) is given by

n—1
tp (£) = &= (Ec.-z‘) : (20)

imal]

where ;s are constants.
In the case that wy is 2 constant, a particular solution is

vy = C. (21)

We add homeogenous and a particular selution to obtain

n—1
vy (1) = g~ (Z qt‘) + (22)

=0

Using initial condition for velocities, equation (22) is equivalent to the equation {14). A case
of particular interest is when the leading car decelerntes, that is, assume that the velocity
of leading car is given by

up (t) = —at + b (23)

The operator theory approach will yield

n—1
g (B) =M (Z qt*) —at+b+ % (24)

il

Taylor series
The first order Taylor series spproximation is given by
up, (t+T) =, (t) + Tul (1) (25)

Substitute equation (25} into equation (1) and simplify to obtain the following second order
differential-difference equation

Tl () + wp, (1) + Awn (£) = A,y (). (26)

Also recall that, L{y") = #2L (y) — sy (0) = ¢/ (0).

Using @, for the Laplace transforms of v, and taking the imverse a solution can be
obtained recursively for velocity of n* car.

In swimmary, the Laplace transform has been used to discuss the linear car-following
model, For example, assuming that the leading car has constant velocity d < e, we derived
equation (14). Assuming that the leading car has constant deceleration we obtained equation
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(24). First order Taylor series approximation was used to discuss velocity of the n®® car in
the platoon,
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