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Abstract. The commutative binary algebras on R® having a derivation with
a complex eigenvalue wre classified up to an fsomorphism. More exactly, it is
proved that there exists 20 such classes of nonnull algebras which are nonisomor-
phic each other. Consequently, there exist 20 classes of homogeneous quadratic
(nontrivial) differential systems affinely nonequivelent each other,
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1 Intmductian

Quadratic dynamical systems comes mainly from quadratic differential systems (briefly,
QDSs). A commutative binary algebra on R" is naturally associated with every homoge-
neous quadratic differential system (HQDS) on B™. This kind of associating HQDSs with
commutative algebras allows us to define a 1-to-1 correspondence between the classes of
affinely equivalent HQDSs on K™ and the classes of isomorphic commutative binary alge-
bras on R™. Consequently, the classification up to an affinity of HQDSs is equivalent with
the classification up to an isvmorphism of corresponding commutative binary algebras. The
automorphisms and derivations of any HQDS are certainly automorphisms and derivations
for the corresponding binary algebra.

The QDSs on B? were already classified up to an affinity according with several classifying
criteria. A lot of results are obtained for QDSs defined on R®. The aim of this paper is
to classify the HQDSs on R® which admit a derivation having a complex elgenvalue. It is
proved that there exist 20 classes of nonequivalent {up to an affinity) HQDSs.

2 Preliminaries

Let us consider the autonomous differential system on E™

dX
= =FX) (2.1)
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with F: B® — R™ a smooth function.
An automorphism of (2.1) (more exactly, an automorphism of F) is an invertible linear
transformation T : R® — R™ satisfying

F(T(X)) = T(F(X)) (2.2)

for all X € B™. The set of all automorphisms of F will be denoted by Aut F; it is a closed
Lie subgroup of Gé(n, R). _
A derivation of F is a linear transformation D : B" — RE™ satisfying

DF(X)=F(X)-DX (2.3)

for all X € R™. The set of all derivations of F' will be denoted by Der F; it is a LIE
subalgebra of gf(n,R). Actually, Der F is just the LiE algebra of Aut F (see [5]).

Recall that an autonomouns differential system on B™ where F iz a quadratic vector
form (F is a two degree homogeneous function, ie. F(sX) = $#*F(X), forall s € B
and X € B") is called an homogeneous quadralic differential system (briefly, HQDS). In
this case, the polar form &' of F (i.e., the bilinear symmetrie form defined by G(X,¥) =
FF(X+Y) = F(X) = F(Y)] for all X,Y € R") allows us to endow R" with a commutative
binary operation X - ¥ = G(X,Y) for all X, & B™; we shall denote this algebra by
A(). Conversely, with any real n-dimensional commutative algebra A(), a HQDS having as
coefficients the structure constants (in a chosen basis) of A is associated. These associations
induce the existence of a 1-to-1 correspondence between the classes of affine equivalent
HQDS= and the classes of isomorphic commutative algebras. This time, every automorphism
(resp., derivation) of F is an antomorphism (resp. a derivation) for A{-).

Since our goal is to classify up an affine equivalence the HQDSs on R having a special
kind of derivations what is equivalent with classifying the isomorphic commutative algebras
with such a kind of derivations, it is natural to give a suitable criterion for recognizing
whether two algebras are ar not isomorphic. The following results works as such a criterion.

Proposition 2.1 If T : A() — B(#) s an algelra isomorphism and e € A is .a nilpotent
(resp. idempotent), then T'(e) is also a nilpotent (resp., idempotent) of B having the same
Spectrum as e.

{Recall that the spectrum of e is the family of all sigenvalues of the left multiplication L,.)

3 3-Dimensional commutative algebras having

a derivation with complex eigenvalues
Let A{-) be a commutative algebra on B3 having a derivation Dy with the eigenvalues 3; = A
and Mg = ax i (5 0). It must be considered the following two complementary cases:

ecase a) A#0,
wopse by A =0,
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Case a)

The derivation D = § Dy has the eigenvalues X = 1, da,s = a£1b (b # 0) where a =

b= % The presence of complex eigenvalues requires to use the complex extension of I to the

complexification Ag of A (this extension will be also denoted by D). Since this extension
of D has three different elgenvalues, there exist three linearly independent eigenvectors
ey, eq +ieg € Ap such that Fey) = e), Dieg + ieg) = (a £ ib){eq £ eg). Consequently,
B =(eq,eq,e3) is a basis in A = E? such that

Diey) = e1, Diez) = aez — beg, Dlea) = beg + aea.
Since D(e?) = 2e?, it results ef = 0; similarly, the equalities

Die; - (ez +ie3)) = (1 + a+ib) (e - (ea + ies)),
D((eq + ie3)?) = 2{a + ib)(es + iea)?,

imply the equalities €; - (ea +iea) = (e2 +fea)® =0, ie,,

£ -6 =€ -e3 =1}

B§=B§, E-;-E;;=0.

Further, if a # 3, the equality D(e) = 2a¢ gives

e =e3=0.

Consequently, the mll algebra on R? is the only algebra having a derivation with the real
eigenvalue A = 1 and a pair of complex eigenvalues Az 3 = a £ b with a # %

In the case when a = % then

Consequently, in the basis (ge1, ez, £3), the multiplication table of this algebra is
Table T: el =e,-e2=e1-e3=63-€3=0, & =€} = e

Derivations of A}
K D denotes a derivation of A(.}, then
3

De;=Y_sjiej i=1,2,3.

=1



72 ILTE BURDUJAN

By imposing to 0 to be a derivation it results:

Diey -ea) = Deg) -ea+ey - Deg) < 85y =10,

Diey -ex) = Diey) -es + e D{ﬂg:l = am =0,

ﬂ{ﬂg] = 2ey - Dfeq) & Dey) = 2eg - D{ea) ++ 513 = 28ag

Deg-ea) = Dlea) - ea + ez Deg) < 0 = sazey + sagey & sga + 823 =10,
D{eg} = 2ey - Deg) & Dey) = 2eq -D(Ba} & 8y = 2833,

Consequently, the matrix of any derivation D of A(.) has necessarily, in basis B, the form:

811 12 513

1
D)y = 0 zsu  sa
0 -s %311

where 211, 813, 813, 823 € B; conversely, every endomorphism of A having such a maftrix in
basis B is & derivation of A{-). Moreover, it results

[D]g == 11| Dile + szs[Da]s + 612[Dals + s13[Da)s

where
' 1 200 ] g 0
[]e = 3 0104, [Dg]ﬂ =| 0 011,
J i B I | 0 -1 0
010 0 01
ED.';]EI = 00 0], [D4}5 =| 0 oo
o o0 0 oo

A straightforward checking shows us that the endomorphisms Dy, Dy, Dj gi Dy represented
in basis B by matrices [D;]e, [Dals, [Ds]s and, respectively, [Dy]g are derivations of A(:).
Moreover, Der A has the structure constants defined by the following equalities

(D1Do =0,  [Dy,Dy)=3Ds, Dy, Dl =304
[Dy, D] = ~Dy, [Dg,Dy)=Ds, [Ds,Dy] =0.
1t results that Der A=RD) @ BRD; @ RD; @ BD,. Consequently, there exists a
d-parametric group of automorphisms for A(-).
Remark. As [ is necessarily a derivation of A() it results that A() will be also present
on the list of algebras appearing in the Case b).
Automorphisms of A(-)

Taking in account that .4 has the derivations Dy, Dy, D and Dy, it results that
{etDi|t € B}, {e"D2|r € R}, {&"2]8 € R} and {¢*P4}0 € R} are uniparametric subgroups
of antomorphisms of this algsbra. In basis B these uniparametric subgroups are realized as
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the following matrix subgroups

0 ek —ginT ecosT

0 4
g af,

A R 1 0 0
€™ )g = et 01, ePlg=10 cosr sint |,
0
1
0
0o o

0
]
1860 _
[eP)g=]0 0 0|, [e=
1000
with ¢, 7, 0,7 € R. Indeed, for example,
1 00 0
[ePg=0 1 0 0
001 1]
[0 0 o 1 0 0
+% 0D 0 =1 |4+..=]0 cost sint |, ¥Vrek
ﬂ .
In order to establish whether exist or not other antomorphisms of this algebra we proceed
by a direct checking.

Any automorphism T : A(-) — A() has the form:

T'(e1) = aner + agez + aznes
Tea) = gaze; -+ agzey + ases
Tea) = maer + azacs + azacs

Since every automorphism carries any special element (such as, anmulator, nilpotent, idem-
potent) on a special element of the same kind, it results, necessarily, that the following
comdition is satisfied

T['—"l:' = 01161,
with ayy # 0. Further, it results
T(ed) = (T{Ez}}jf* Tieq) = {aizey + aggez + ﬂmea}? =
& aner = [(aza)” + (aa2)%ler & any = (az)® + (aza)?,
Tleaea) = T{ez)  Tles) « 0 = (agpass + aseassje1 & 0 = 232053 + dzadas
T(e3) = (T(ea))* & Tle1) = (G13e1 + 2zses + azes)” &
& aper = [(aga)? + (asa)?)er & a1 = (223)® + (2a3)®.

Thercfore, the matrix of every automorphism of the algebra A(-) has necessarily the
form: a
. r A ¥
Tls=| 0 poosa psing
0 —psino poos o

with p, e, 3,v € R 51 p > 0; conversely, every endomorphism of A, having such a matrix in
basis B is an antomorphisin of A(-).
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These matrices are consisting in a 4-parametric group. Indeed, if it is used the notation

IT];; = T{PI &, ﬁl’l":ls

with p, @, 8,7 € R then T(p, &, 8,7)T (g, \, . 1) = Tpp, o+, p* u+pfcos A—pysin X, pn+
pfsin A + gycos A), for all p,a, B, v, 0,5, 1,7 € R with p > 0, g > 0. This matrix group is
just the 4-parametric group associated with all derivations D of A, which was being exhibited
at the beginning of this section.

Therefore, the Gavois group of A() is isomorphic with the before defined ma-
trix group {T(p, &, 8, 7)., 8,7 ER,p >0}

The equations of any automorphism T(p, a, 3, v) are

= pPal+fr?+41°,
= pmsa$2+painaza,

T = —psin @ T° + poos o T

Then, the infinitesimal operators of Aut A are

X =2wla—it +.-r*3—21; +;535§g1
a

o
Xy =algor Xa=zgr.
Obviously, they generate the Lig algebra of vector fields having the following structure
equations
(X1, Xa2] =0, [X,X5]=-X; [X,X]=-X
lXZ! XS] - x‘h lxﬂrxl] o "'Xa! [Xal X-‘-] =0,

This LiE algebra is isomorphic with Der 4.

Remark. By identifying the antomorphism with a change of basis, it results that the corre-
sponding change of coordinates is a contravariant transformation, i.e., it has the equations

F o= El'z Tt + Elg{(—ﬁms & +ysin a)r? + (PFsin o — yeos o) ¥,
= lel[.::r:rs o 2 — sin a z),
T

. —Fl_g{.n'n o % + pros a 7).

The corresponding infinitesimal operators are {—X;, -Xs, —X3}. In basis {¥] = _%X,,

Yz = =Xa, ¥3 = — X3} the structure constants of the LIE algebra spanned by these vector
ficlds are identical with thoze of Der A in basis {0y, Dy, Dy, Dy}

Case b)
Let Dy be a derivation with A3 =0, M35 = 5 4 ig (8 # 0).



HOMOGENEQUS QUADRATIC DYNAMICAL SYSTEMS 75

We have to consider the cases:

e case byt a #0,
ecase by a = (.

Case b

The derivation D = %Dn has the cigenvalues Ay =0 and Ags = e+ i witha = % # 0 and
there exists a basis B = (e, ez, e3) such that

D(e) =0, Diex)=ea—ea, Dfes) = ez +aea.
Then the equalities

Diel) =0,
Dfey - (e + ieg)) = (a+i}{e; - (ea +iea)),
D((ez + ies)?) = 2(a + i)(e2 + ies)?,

are equivalent with
e] =eey,
ey - (ez +deg) = [k + iw)(eg + iﬁa},
{ﬂg + I'E-,'-].:IB =0.
It results
€] r €3 = Ke3z — WEy,
€1 - €3 = weg + Keg,
eg = eg, eqey = 0,

with %,w € R. Since D(e3) = 2ae} and a # 0 it results e = ¢ = 0. Consequently, the
multiplication table of the algebra, in basis B, has the form

2 o
gy = £, €]-Ee3 = Keg — Wy, €] ez = wWey + Key
Table T* 1 1y &1 ° =3 2 a ¥

€2 =gl =gg:e3 =10,
2 3

with k. € R. By passing to the basis (%e;, E-J,E,q) and putting r,w respectively instead
of E f the following multiplication table is obtained
Ef =g, € '€y =Kep—Wey, €)1 = Weyt+ Keg,
ed=el=e3-e3=0,
with 5, & B, w 7 0. We shall denote with A(x,w) the algebra with the multiplication
table T". Using the basis (e1, ea, —ea) it results that Alk,w) is isomorphic with A(k, —uw).
Tt resulte that only algebras Ak, w) with &,w € R and w > 0 will be of interest.

For such algebras Ann A = {0}, A{4) = Spana{es, es}, T(A) = {e;} and A is a vector

direct sum of a subalgebra and an ideal, namely A = Re; @ Spang{ez, ea} (ie., this is a
WEDDERBURN-ARTIN decomposition for A).

Isomorphisms of algebras Ak, w).

Table T
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Problem: Can be isomorphic two algebras Alr),w] ond Ak, we) with kw4, kz,un ER
and oy >0, we =07

Firatly, we recall that any algebra of type T" has N 4) = Spang{e;, ;] and a unique
idempotent.

Let us consider the algebras A(ky,w;) and A{xg, wy), with the multiplication tables

=

B =

Table T," ) Bl €3 = K18y — Wi€3, €1 €3 = wieg + KiEg,
' =e3-eg =10,
and, respectively,

) _ _
Table Ts" f Ifl:l fl'.f?"'":ifE'"rr'-"l.fE: fl'fB‘-'“‘?i.fE"'“?fm
Y fB=H=ff=0
These algebras have a unigue nonzero nilpotent ideal J = Spang{es, g3} and respectively
J' = Spang{ fa, fu}; further, they have the vector sum decompositions

A=ReyJ, A=ERfial.

An isomorphism T : A(ky,w1) — A{rz,wy) must respect the before presented wvector
direct sum decompositions, so that it has the form

Tle1) = fr,
Tlez) = saafz + sm fa,
Tlea) = saafa + 503 fa

with sgusgs — Sa3532 = 0. The following equalities hold:

T{ey - ez) = miTez) — wnTeg) = (k1822 — wiass) fo + (k1832 — wisa3) fa
Tley): Tlea) = (Kasaz + wassa)fa + (—wasga + #ia83z) fa,

Tler ves) = wnTles) + w1 T(es) = (wisaz + K1923) f2 + (w1832 + R18a3) fa
Tley) - Tles) = saa(wafe — e fa) + saalwafo + K2 fz) =

= (Kpszs + w83 ) fa 4 (—woses + Kaspa) fa.

Consequently, we get the equalities:

(51 - 53}52:3 — Wy Sgz — Wwesys = 0,
wader + (K — Kg)sga — wissy =0,
widay + (k) = Kp)sps — woday =10,
whaazg +wsaz + (K1 — Ka)sg = 0.

Taking into account that sgq, 523, S37, 533 cannot vanish simuttaneously, these relations imply:

Ky — Ka -y —Luly ]
A=det| @ m—m 0 =
wy 0 K1 — Ky  —uAh
0 g wy K1 = Ha

But wy =, wy =0 and

A =~ (k1 — 52)%[(k1 — #2)® + 20w )® + 2{wa)®] — [(w1)® — (wa)*)* =0
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imply
K1l = Kk, W) =wa.

Therefore, we have proved the following result:

Proposition 3.1 The algebras A(gy,w) and A{kg,ws) withwy > 0, wy = 0 are somorphic
if and only if k) = kg §iwy = ws,

Derivations of algebra A(x,w)

If I denotes an arbitrary derivation of A, then

3
Dey = Esjifj, i=123.

=1
By imposing D be a derivation and taking in account that w > 0 it results:

D{ed) = 2e; - Diey) & Diey) = 2e; - Diey) =

a1y =0, 821 = 2r8g + Jwagy, s, = —2wsy + ey =

g =8y =8y =0« D(g) =0,

Diey - eg) = klleg —wDeg = e; - D{eg) &=

o (K812 — wspg)ey + (raxp — wap)ey 4 (Kega — weag)es =

= g1g¢€] + spai{ney — wea) + saz(wes + rea) &

o K812 — WE1g = 513, KO3 — W83 = K5z -k wian, K3z — Whs =
= —way + Ksag < (K — 1)1z —wsia =0, 533 = —saz, 5w = 433,
Di{ey - e3) = wD{es) + kD(e3) = €1 - D{eg)

+ (waiz + Kz ey + (wsag + wsaa)er + (wesy + kdag)es =

= 81381 + Saa(ken — wes) + sazlwes + Kea) =

o Wy - K8y = §13, W8an -+ K8y = K&ag + w8aa,

wgy = Kagy = —wizy + Kagg S wip + (k= 1)a3 =00

The relations
(r=1)s13 — ws13 = 0,
waz + I:H- - 1]313 =10,

imply
813 = 553 = 0.

The before obtained necessary conditions assure that all conditions of being a derivation
are fulfilled for D. Consequently, any derivation 2 of A(k,w) has, in basis B, the matrix:

0 o 0
Dlg=|0 52 a2 |.
0 -5 s

It results that )
[D]s = s22[D1]p + s23[Dals
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. 000 0 00
[D;JB=[0 1 U}, !D3]5=|-ﬂ 1] 1}.
0 -110

It is easy to prove that the endomorphisms Dy gi Dy represented in basis B by the matrices
[D4]g and [Dq)g respectively, are derivations of 4(k,w) (Dq is just the former derivation of
A

where

It results that Der A=RD; @ RD; is an Abellan L1E algebra. This means that
there exists a biparametric commutative group of automorphisms of Alx,w).

Remark. As [); is necessarily a derivation of A(k,w), this algebra will appear also on the
list of algebras for the Case by,

Automorphisms of algebra 4A(x,w)
As the algebra A has the derivations Dy and Dy it results that {e*P:|t € R} and {e™D2|r &
B} are uniparametric groups of automorphisms of it. In the basis 5 these uniparametric
gubgroups are realized as following matrix subgroups

1 0 0 1 o 0
EPlg=]0 ¢ 0], Pg=|0 cost sint |,
0 i

0 =sinT cosT

with ¢,7 € .
In order to establish if there exists or not other new antomorphisms of the algebra we
proceed by a stmightfﬂma_x_‘d checking,

Any automorphism T 2 Afk,w) — Alk,w) has the form:

T(ey) = ey,
Tieg) = agpes 4 agaey
. T'(es) = azaea + agzes
with azamas — sagasz # 0. The equaliticd
T(erea) = Te1) - T'{ea), & aT(ez) = wT(ea) = ex(azzez + agzea) &

& (ragy —waszg)es + (Kaag — waga)es = aga(ken — wez) + agzlwes + vea), &
& Kigg — L'Ggy = KOga + Wiy, Koz — Wday = —Wags + Kags,

imply

aag = —dag3, Gz = Ga3.
Consequently, the matrix of any automorphism of the algebra A(k, w) has the form:

i a 1] 0
[Tle=|0 an axa
0 —0z a2

with gz, 023 € R and (agg)® + (a23)? # 0. A direct computation shows that any endomeor-
phism of 4 having such a matrix is an automerphism for A(-).
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All matrices of automorphisms of A(-) form a biparametric group. Indeed, if we shall

use the notation
1 oo
J.-l'.-'{l'll'.1 ﬁ} = 0 a A,

0 —F a

with @, 8 € R then T(a, 81T+, &) = Tay - 58, af + 3v) Vo, 8 € R. This group is just the
biparametric (commutative) group associated with the LIE algebra Der A.

Consequently, the GALOIS group of the algehra Alx,w) iz isomorphic Wlﬂl the
before defined matrix group {T(x, f)|a, 3 € R,o® + 5% # 0}.

The equations of the automorphism T'(a, 3) are

= at,
2 = ar® - g8,
2 = g2 + oz

Then, the associated infinitesimal operators of this GALOIS group are

It can be proved that [X;, Xa] = 0, what is in accord with the fact that the Lig algebra Der
A is Abelian.

The homogeneous quadratic differential system
associated with algebra A(k,w)

By using the usual procedure the following HQDS is associated with the algebra A(k,w):

1_ 12
i = 2rzlz? 4 fwrls?
#* = —2wrlz? 4 2exls?,

This system can be solved. Indeed, first equation has the general solution z(t) = at

Using this = (t) in the second and the third equation cne gets a linear system of diﬂ'ﬂ'entla.l
equations for which it can be determined two independent prime integrals, namely:

Fy(at, 2%, %) = Kﬁ%"l%f_L“‘

2
Fy(a',2,2°) = arcty .;:‘5 - (21)2

This assertion is obtained by constructing the entities 2x%4® +22°3%, #¥#% — 2% and taking
in account that on every orbit ! = %1—
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The vector field associated with this system is
8
V= () 3ol + 22" (kz? + wza}a—i-j = Qat{we? - nm’]a%-.
By a straightforward computation the following equalities are checked:
[X1,¥] = [Xa2,¥] =0;

they assure that X5, X5 beim:l,g to the centralizer of ¥ in the LIE algebra of all polynomial
vector flelds in B2,

Case by

The algebra A has the derivation D = %Du with the eigenvalues A; = 0, Az s = +i. In this
case, there exists a basis B = (¢, ¢z, e3) such that

Dey =0, Deg=—e3, Desy=eq.

Consequently, the multiplication table of the algebra A in basis B has the form:

E‘:!

1 =uaey, e ez =bez+oces, e -e3 = —cex+ bea,
=

Table 1 u£§=EE], ey ez =0}
with a, b, ¢,z & R.

In order to emphasize the dependence of parameters, we shall denote by A{a, b, c,e) the
algebra defined by the Table 1°. The algebra A(a, b, c,e) has the subalgebra Rey. Ife £ 0
and * +¢® # 0, then A* = A and the following problem arises: establish whether the
algebra A is or not a simple one.

Proposition 3.2 The algebra Ao, b ¢, ) with & # 0 and b2 + % £ 0 is a simple algebra.
Proof. Let T A be an ideal and v = ze; + yeq + zeg € I, v #£ 0; then the elements

v- g = are; + (by - ex)es + (oy + bz)es,
o - ey = Eyey + breg 4+ cxea,
t - g3 = £z — creg + breg,

must belong to I. Consequently, if
A = z(b® + &)az? - e(y® + 7))

is nonzero then v- ey, v - ey i v- ey are linearly independent and, necessarily, T = A. If
r = (1, then the equalities v - ey == cyey, v - ey = czey and v # 0 imply ;1,81 -2z, €; - 63 € T,
ie. T= A In the case when x # 0 and ax® — &(y® + z%) = 0, the linear independence of
vectors v - eg, o - ey and (v - eg) - ey = gowey + ey —ceg + beg)(€ T) is equivalent with the
nonvanizhing of the determinant

& = ex(bP + &%) |ex? — eyal;
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similarly, the linear independence of vectors v-eg, v-e3 and (v e3) - €2 = ~gcze; +ez(bey +
cea)(€ T) is equivalent with the nonvanishing of the determinant

Ay = —ez(b® + *)[ca® + eyz).

If AT + A # O then T = 4; if A + A2 = 0, then ez® = eyz = 0 imply necessarily ¢ = 0
and b # 0. Thus, it must be considered the complementary cases y = 0 and, respectively,

y # 0(= z=0). When y = 0 (necessarily, ¢ = 0 and b # 0), then gs = %U‘E& eT,e1ezsl

and g; = %I{u eg) ea €L eyceg €T, ie. T=A Inits turn, y # 0 implies z =0, i.e.

v = ze; + yez. Thﬂnes=%v-ea EI,31-33EIanﬂel=ﬁ{we;j-c;el‘", e - ey €I,
e, I= A

The following assertions can be easily checked:

o if £ = 0 and b +¢? 3 0, then A is the direct vector sum of the subalgebra Rey with the
ideal Spang{es, ea}, i.e. A = Re; @ Spang{es, €3} is a WEDDERBURN-ARTIN decomposition

#if b=c=0and ¢ # 0 then A% = Re; is a nontrivial ideal,

sifb=1c=g=0, then A is the direct sum of the ideals Re, and Spang{es, 1}, Lo
A = Re; & Spang{es, es}.

It must to note that if @ = 0 then there exist nilpotents which are collinear with ey,
while if a # () there exists an idempotent collinear with e;. So, the vanishing /nonvanishing
of a is reflected in the structure of the algebra. Similarly it can be remarked that the
vanishing/nonvanishing of anyone of the parameters b, ¢ or £ can be indentified with the
existence of a specific propriety of the algebra which is independent of the used basls, i.e.
every such a vanishing/nonvanishing have an invariant character. That is why, it is natural
to consider the following cases:

1 g=b=c=eg=10, 9° afbb=c=e=0,
2 a=b=rc=0,e#£0, 10° e#Fdb=c=0,s+#10,
3° a=b=0,c£0c=0 11° a#0b=0c#£0,c=0,
£ a=b=0,c#£0,£:£0, 12° a#£0,b=0,0#0,250,
5° e=0,b#£0,c=£=0, 13 a#0,b#0,c=e=0,
6° a=0,b#£0,c=0,e+#0, 14° a£0,b#£0,c=0,25#0,
T a=0b#0,c#0e=0 15° a#£0,b#£0,c#0,e=0,
8 a=0,b#0,c#A0c#0 16° e#0,b#0,e#0,2#£0.

Casze 1°

The algebra A(0,0,0,0) is just the null algebra on A.

Case 2°
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Algebra A(D,0,0,¢) with £ # 0 is isomorphic with A{0,0,0,1). Indeed, in the hasis (ge1, e2, €3)
the multiplication table becomes:

. ¢1=B1'€2=€1-33=Eg'33=ﬂ,
Table T2 E§=E§=El

Obvicusly, A{0,0,0,1) is coincident with the algebra defined by Table T in Case a).
Algebra A(0,0,0, 1) has the properties: '

s Ann A = RE]: N{AJ e R’e'lj I{_A:I =.H:l

s it is not a simple algebra (A = Re,).

Case 3°

The algebra A{0,0,¢,0) with ¢ # 0 is isomorphic with A(0,0,1,0). Indeed, in the basis
I:%:—el, es, es) the multiplication table becomes:
€ "€3 = Ey, B 'E63= —E3,
Table T3 e?=e=-ea=b.§=e§=l],
Algebra A(0,0,1,0) has the properties:

¢ Ann A= {0}, N(A) = Re; U Spans{es,es}, I(4) =0,
e it is not & simple algebra (Spang{eg, ea} is an ideal).

Case 4°
The algebra A(D,0, ¢, &) with ez # 0 is isomorphic with A(0,0,1, 1), depending on either
ce is positive or negative. Indeed, in the basis (g1, €2, £3) the multiplication table is:

€] - &z = CE3, €1 " €3 = —CE2,
Table T4
el =gy ea=0, & =el =ee.

. 1 1 1 o
Case ce > 0. In the basis (Eeh ?B—Eez,mea) the multiplication table becomes the
table of algebra A(0,0,1,1), namely

E1 - €2 = E3, €1 €3 = —€g,
ble T
Table Td e?=e3-£g=ﬂ, e§=e§=e1.

Case ce < 0. In the basis (%B;, 7:]:;:-.-62., ?{Esg) the multiplication table becomes
the table of the algebra A{0,0,1, —1), namely
€] €3 = ey, €] - 83 = =g,
Table T4, el =ex-e3=0, el=el=-e1

Are or not isomorphic the algebras T4 and T42? In the basis (f; = —ey, fa = eg, fa =
—ga) the algebra T'4; has the table T4y, so that the two algebras are isomorphic,
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Algebra A(0,0,1,1) has the properties:

o Ann A= {0}, N{A)=Re;, I(4)=0,
e it is & simple algebra.

Case 5°

The algebra A(0, b, 0, 0) with b s 0 is isomorphic with A({0, 1,0,0). Indeed, in basis (%811 ez, €3}
the multiplication table is:

' €163 = €3, €] -€3 =&y,
Table TS 2 2
: S =egeg=cf=c3=0

Algebra A(D,1,0,0) has the properties:
s Ann A= {0}, N(A)=Re; USpang{es, ez}, (A} =0,

e it is not a simple algebra (Spang{ea, ea} is an ideal); more exactly, A has the WEDDER-
BURN-ARTIN decomposition 4 = Ke; & Spang{es, ez}

Case §°

The algebra A0, b, 0, £) with be # 0 is isomorphic with A(0, 1,0, £1), depending on either be
is positive or negative. In the basis (e, eg, ea) the algebra A(0, b, 0, &) has the multiplication
table

&) e = bep, e;-e3 = bes,
Table T6 2 ' .epm0, & =el = eer.

Case be > 0. By passing to the basis (%eh iea, ﬁea) the multiplication table

becomes:

g1 €3 =€q, €83~ €3,

- -

'I‘ﬂ.hlETﬂl ﬁ¥=ﬂ2'eﬂ=ﬂ1 Eg—ﬂg=£1'

Case be < 0. In hasis (%c,, :?1—!:6-@, ﬁq) the multiplication table becomes:

£y 83 = Ea,

2

€] " €3 = €3,
Table T6; 2 _e-eg=0, e2=el=—¢,.

“
Are or not isomorphic T6; and T6;7 Since T8, has at lest an idempotent element {for
example, & = %(el ~+ &3 + e3)), while T8y has no idempotent it results that the two algebras

are not isomorphic.
Algebra A(0,1,0,1) has the properties:
o dnn A= {0}, AN([A)=Re,
I(A) = {}(e1 + v2{eacos ) + easin @)y € [0,27)},
e it is a simple algebra.
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Algebra A{D, 1,0, ~1) has the properties:
o Ann A={0}, NA)=Re, I(4)=0,
e it is a simple algebra,

Case 7°
The algebra A(0,b,¢,0) with be # 0 has, in basis (eq, eg, €3), the multiplication table

L €1 +eg = bey + ooy, e - 83 = —ceg -+ bes,
Table 7 3 270t o ot

In the hasis {%31, ea, €3} the multiplication table becomes

Tahle T e’%'eﬂflegtea:l fl."i'-3=—'i'-2+l£3s
e =63 =€y =¢6-e3=10.

with A = 2 € R*. Consequently, the algebra A(0,b,e,0) with be 0 is isomorphic with

the algebra A(0,1,1,0) with A = 2 # 0. Purther, by using the bosis change (e, e, e5) —

(—e1,e3, —e3) it results that A(0, A,1,0) is isomarphic with A(0, -, 1, 0). Consequently, it
is enough to study the algebras A(0, A,1,0) with A > 0, only.

Algebra A(0, A, 1,0} has the properties:

e Ann A = {0}, N(A)=Re; USpangfes, ea}, T(4) =0,

® it is not a simple algebra; indeed, it has the WEDDERBURN- ARTIN direct sum decom-
position 4 = Re; & Spang{ez, e3},

# the following result holds:

FProposition 3.3 The algebras A(0, X3, 1,0) and A(0, A3, 1,0) (with A; > 0 and Az > 0} are
tsomorphic if and only if Ay = Ag.

Case B°
The algebra A(D, b, e, £) with bee # 0 has, in the basis (e;, €5, €3], the multiplication table
“Eg = cgg = — be
Tahle B° €1 €3 bﬁ‘! +oes, € =1 ce3 + beg,
8 e¥=ra-%=ﬂ~ E§=B§=E¢1.
B}’ passing to the basis B = |:_f1 = geq, fa = Bjrfg = Eg} the multiplication table of the
algebra becomes
¥ 1 EI"1""313=b‘9"":3"-"-ﬂ:l 51'53=_%+b‘33s
Table 8 e§=33-c.3=={}, el =ef =g
with b,c € R* (here, it was put b instead of b and c instead of =b).
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Moreover, e 0) can be always chosen positive. Indeed, if ¢ < 0, in the basis B’ = (fy =
e1, f2 = €3, f3 = —ea) one gets the multiplication table

« h-F=bfatefs, fi-fi=-cfit+bfs,
Table 8" & f fy=0, ff=f2=ch

i.e. ¢ passin —e(> 0). Thus, A(0, b, ¢ 1) is isomorphic with A(0, b, —¢, 1) and, consequently,
only the study of algebras A{0, b, ¢, 1) with ¢ > 0 will be of interest,
Given an algebra A(0,b,¢ > 0,1) by table T8, by passing to the basis B" = (fi =

%El,fg = :%,-EEQJ;; = ;]}E:e.a} the multiplication table becomes:
Tahle B" fl‘fi"":}l.fi'i‘fﬂs fl'f3=—f2+}f5|
fi=fi-fa=0, f=f=h
with A € R*. Consequently, the multiplication table of such an algebra depends on a single
parameter A = E #= 0.

Algebra A(0,A,1,1) (A # 0) has the properties:

o Ann A= {0}, N(A)=Re;, I(4)=0,
e is a simple algebra,
# the following result holds:

Proposition 3.4 The algebras A0, A;,1,1) ond A{0,Ag,1,1) (with AyAq £ 0) are isomor-
phic if and only if X, = Ag.

Case &

The algebra A(a,0, 0,0) with a # 0 is isomorphic with the algebra A(1,0,0,0). This
assertion can be proved by passing from basis B = (e, €3, 23) to the basizs B' = (%e;,ez,eg}.
Indeed, in basis 8" the algebra A has the multiplication table
me 8
e] = ey,
Tﬂ.h‘]gg Ei-eg=81-ea=ﬁg=ﬂg=eﬂ‘53=ﬂ~
Algebra A{1,0,0,0) has the properties:

o Ann A = Spongf{es,ex}, N(A) = Spanp{es, ea}, T(A) = {a1},
e it is not a simple algebra; indeed, it has the WEDDERBURM-ARTIN direct sum decom-
position A = Re, @& Spang{ez, ea}.

Case 10°
The algebra A(a, 0,0, ) with ce £ 0 has in the basis B = (g), 5, e3) the multiplication table

7 _ - P

e] =aey, €5 = e =Fe
Tahble 10 1 L =3 3 A

g ‘g =e1+83=¢eg-e3 =10L
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i . i 1 1

By passing from the basis B = (e, ez, e3) to the basis B' = (Eel, 22, VLTea)’

it resultz that A(a, 0,0, &) is isomorphic either with A(1,0,0,1) or with A(1,0,0, -1} de-
pending on either ag > 0 or ae < 0, i.e. one gets the multiplication tables

1 _ B i
Table 100 17 % @@= =en
g€y =g) eg=¢eg-e3 =10,

Table 107 G =6 G =ef=—ey,
£] -8y =g 83 =gg -eg=10

Algebra A(1,0,0,1) has the properties:

e Anm A= [0}, N(4)={0}, Z(4)={a]}.
® it is not a simple algebra; indeed, it has the nonzero ideal A® = Re;.

Algebra A(1,0,0, —1) has the properties:

o Ann A= {0}, N(A)={r(e1 +escos @ +easin glp € [0,7),r > 0}, I(A)= e},
e it is not a simple algebra; indeed, it has the ponzero ideal 4% = Re;.

Since the algebra T10" has the nilpotent elements, while the algebra T'10" has no nilpo-
tent, it results that these two algebras cannof be isomorphic.

Case 11°
The algebra Ala, 0, c,'L_}.} with ac # 0 has in the basis B = (#;, ez, e3) the multiplication table

e
€

Table T11° =-aey, €1 -e3 =cey, €)- ey = —cCey,

2
3
2=¢f =ep-eg=0.

By passing from the basis B = (g3, e3,63) to the basis 5 = {%e.l, ez, €3) one gets the
multiplication table

2 e e
Table T11 e% —a;, €83 = Agg, £]-€3 Aeg,
ef =gz =e9-e3=0.

with A = £ & R*. Consequently, the algebra A(a,0,¢,0) is isomerphic with A(1,0,,0)

with A = E # 0. It follows tha;: the algebras A(1,0,A,0) and A(1,0,—A, 0} are isomorphie;

indeed, (gy — £y, 85 — —eg, £z — e3) yields the expected isomorphism. Consequently, it is
enough to analyze only the alzebras A(1,0, A, 0) with A > 0.

Algebra A(1,0,A,0) (A > 0) has the properties:
o Ann A = {0}, N(A)=Spang{es,es}, Z(4)={ex},
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» it is not a simple algebra; indeed, it has the WEDDERBURN- ARTIN direct sum decom-
position 4 = Rey @ Spang{es, ez}
# the following result holds:

Proposition 3.5 The algebras A(1,0,A1,0) and A(0, A3,1,0) {with \; = 0 and Az > 0) are
isormorphic if and enly if Ay = )y,

Case 12°

The algebra A{a.0, ¢, £) with ece 7 0 has in basis B = (&1, e, £4) the multiplication table

Table T12° EETGBIL ﬂl"e'Z:c‘:Sl €] = &3 = —Cexg,
ez—eg—fel, €q -8z =L

! 1 1 1
In the basis (-el, €z, 53) the table T12® becomes
@™ Jae] " el

2
ey =gy, B -8y = Mgy, 8 B3 = —=Ag

Table T12° “}~ ) ®1°%2 W 1459 "
ey =ey =gy, ez eg =10,

or

€
[

=e1, €1-62 = Ay, € -e3=—Aeyg,
2
e

Table T12"
3=y, eg-eg=10,

B b b3

depending on either ae > 0 or as < 0, with \ € R* (it was put A instead of 2). It can

be considered that A > 0; indeed, by passing from the basis B = (e, €2, e3) to the basis
B' = (&1, —eg, e3) the algebra T12' becomes A(1, 0, —A, 1) while the algebra T12" becomes
A(1,0, =X, ~1).

Algebras A(1,0,A,1) and A(1,0,A,—1) (A > 0) have the properties:
s Ann A= {0}, N{4)= {0}, Z(4) = {a},

» they are simple algebras.
o the following result holds:

Proposition 3.6 1) The algebras A(1,0,A1.1) and A(1,0, Az,1) (with Ay > 0 and Az = 0)
are isomorphic 4 and only if A1 = As.

2) The algebras A(1,0,Ay,—1) and A(1,0, g, —1) (with Ay > 0 and Ay > 0} are isomor-
phic if and only if Ay = Aa,

3) Two algebras A(1,0,A1,1) and A(1,0,Xz,—1) (with Ay > 0 and Az > 0) are not
isomorphic whatsoever be the positive values of Ay and Ag.

Case 13°
The algebra Afa, b, 0, 0) with ab # 0 has in the basis B = (e;, €3, £3) the multiplication table
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o € =0, e -ex=bes, e ey = e,
Table T13 Eg - E% =gy 63 = 'D-,
The basis (Ley, e2, es) assures us that the algebra A(a,b,0,0) with ab 3 0 is isomorphic with
the algebra A{1, A = bfa,0,0). Let us consider an algebra A4(1, A, 0,0} with A $ 0 having
the multiplication table

’Ihbl.e T13 ei =ey, €1 -e3=Aeg, €1 -ea=Aey,
ei=el=ep-e3=0,

Algebra A(1,A,0,0) (b ¢ {0, 1}) has the properties:

o Ann A= {0}, AN(A)= Spang{es, ez}, T(A} =Re

it is not a simple algebra; it has the WEDDERBURN- ARTIN dircet sum decomposition
A =Re; & Spang{ea, ez}

Algebra A(1,4,0,0) has the properties:

o Ann A = {0}, N{4) = Spang{es, ea},

T(A) = Rey U {ey + yeg + zes|y, = € B},

# it is not a simple algpebra; it has the WEDDERBURN- ARTIN direct sum decomposition
A = Re; @ Spang{es, ea},

e the following result holds:
Propaosition 3.7 The algebras A(1, A1,0,0) and A(1, 32,0,0) with Ay, Az & {0,1} are iso-
morphic if and only if Ay = Aa.

Case 14°

The algekra Afa, b, 0,£) with abe # 0 has in the basis B = (1, €2, €3} the multiplication
table

. . B -
; s € =uag, & -e=Dbes, e e3=bey,
Table T14 Eéﬂgﬂeh e2-e3=0,

. . 1 1 i - " .
By using the basis (-e., ez, eaj one gets that A{a, b, 0, ) is isomorphic with
™" Jag] ' /]ae]

one of the algebras A(1, A, 0,1) and A(1, A, 0, —1), depending on either az > 0 or ag < 0, i.e.
it has either the multiplication table

2 — o
Table T147 %= %2 = ave=de,

EE ﬂ§=611 ez -eg =0,
ar '
) 3 _ - o
G €1 =61, €1-83=ley, e -ez=les
Table T14 P__oa_ cea =10
€3 =83 = —€1, €3-E3 ’
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with b € B*.

Algebra A(1, A, 0,1) (A £ 0) has the properties:

o Ann A= {0}, N(A)={0}, T(A)=Re, if A< and
T(A) = {-;x{el + V3R = 1(eqcos 8 + essin 0)|0 € [u,m} if A > 2,

# it is a simaple algebra.

Algebra A(1,2,0,-1) (A # 0) has the properties:

o Ann A= {0}, NTA)={0}, T(A)=Re, ifA>
I(A) = {%[el + 2Zh = 1(ezcos # + egsin 6]|8 € [0, 27) u{ ﬁlx[cl + \meg]} it = %,

® it iz a simple algebra.
# the following result holds:

and

b=

Proposition 3.8 1) The algsbras A(1,A1,0,1) and A(L,A2,0,1) (with Ay, Ay € R*) are
isomorphic if and only if Ay = Ag.

2) The algebras A(1,X;,0,=1) and A(1, A5,0,-1) (with A, A2 € R*) are isomorphic if
and only if A; = Ag.

3) Two algebras A(1,):,0,1) and A(1, 2,0, -1) (with A1, A; € B*) are not isomorphic
whatsoever be the allowed values of Ay and Aq.

Case 157

The algebra A(a,b,c,0) with abc # 0 has in the basis B = (e}, 3, e5) the multiplication
table

2 _ e P
Table T15° ©1 =961 €1-@ =bes+oces, 1 e = —ces +bey,
gz =eg=ez-e3=10,

The algebra A{a, b, e,0) with abe # 0 is isomorphic with the algebra A(1,b/a, ¢/a,0); it
is enough to consider the basis {%Ehﬂg,ﬂa}. Let us consider the algebra A(1,b, e, 0} with
be #£ 0 having the multiplication table

Table 'f15 '3; =&, erver= bes + cey, e ez = —cey + bes,
3 =

el =e-e3 =0,
The algebra A(a, b ¢,0) is isomorphic with the algebra Aa, b, —c, 0); indeed, the forecasted
isomorphism is

€] =+ €3, 83 =+ €3, €3 —+ —E3.
Consequently, in the follewings we shall consider only algebras A1, A, g, 0) with A £ 0 and
=0,

Algebra A(1, A, 1,00 (A # 0, u > 0) has the properties:
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o Ann A= {0}, N(A) = Fpone{ea, ez}, {4} ={a1},

® il is not & simmple algebra; indeed, it has the WEDDERBURN- ARTIN direct sum decom-
position 4 = Rei @ Spana{ez, ez}

o the following result holds:

Proposition 3.9 The algebras AL, Ay, p1,0) and A1, Az, pia, 0) (with g, 1 = 0} are iso-
morphic if and only if A = g, o1 = pa.

Further, it must be remarked that A{k,w) is coincident with A{1, &, —w, D).

Case 16°

The algebra Aa, b, c,2) with abes # 0 has in the basis B = (21,2, e3) the multiplication
tahle

=

By =

aey, e -eg=be; 4 eey, € e3 = —cep b bea,
£

Table T16”
j=cey, ep-eg=0,

- B b= B3

g .1 1 o N
By using the basis («::;, e P g ) one proves that Afa, b, ¢, £) is isomorphic with
s a® el ™ ol ) 2 whes

one of the algebras A{1, A, p, 1) and A(1 A, p, ~1} with b, ¢ € B*, depending on either as = 0
ar ag < 0, i.e. with algebras heving the multiplication tables

Tal:-ie T16® , B1vey = ey & Ues, ;- ey = —ueg + Aey,
=£), B3 03 = 0,
£y, €1-€p = Aeg + Jey, €; €3 = —pea+ Aeg,

g , €=
Table T16" % = gg_ = —&), B3'E3 =I:‘-..:-

with by, ¢y, bz, e2 € BR*. By using the basis (g, g5, —e3) one proves that AL, A u, £1) is
isornorphic with the algebra A{1 &, —p, +1}. Conzequently, in the followings we shall study
only algebras A{1 A, p,+1) with A € R* and p > 0.

Algebra A{1 X, p, £1) {(with A € B* and v > 0) has the properties:

o Ann A= {0}, AN{4)={0}, I(4)={ar},
o it is a simple algebra.
& the lollowing result holds:

Proposition 3.10 1) The algebras AL, A, 1) and A(L Az, gz, 1) {with Ay, Az € R,
pz = 0) are isomorphic if and only if Ay = Ag, 1 = pa.

2} The algebras A{L, Ay, py, —1) and A(Y Ao, g, 1) (with Ay, A € B, g, g = 0) are
isomorphie if and only if Ay = Mg, 1 = pa.

3) Two algebros A(L, Ay, gy, 1) and A{1, dg, g, —1) {with Ay, Aa € B, g, g > 0) are
not isomorphic whatsoever be the allowed values of Ay, A,y and pg.

By using the exhibited properties and Propesition 2.1 it results that any two algebras
cannot be isomorphic cach other.
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Theorem 3.11 On R* there exist 20 classes of nonzero commutative algebras, having at
least a derfvation with a comples eigenvalue, nonisomorphic each other, namely: A(0,0,0,1),
A(0,0,1,0), A(0,0,1,1), A(0,1,0,0), A(0,1,0,1), A(0,1,0,—1), A(0,A,1,0) (A = 0),
A(0,A,1,1) (A #0), A(1,0,0,0), A(1,0,0,1), A(1,0,0,-1), A(L,0,,0) (A > 0), A(L,0,A,1)
(A=0), A(L,0,2,~1) (A > 0), A(L,A,0,0) (A& {0,3}), A(1,X,0,1) (A#0), A(1,),0,-1)
(A7 0), A(L, A 0, 0) (A £ 0, 4 > 0), A(L A1) (At #£0), A(T, A, s, ~1) (A #0).

Conseguently, it was proved the result:

Theorem 3.12 For any nontrivial HQDS on R® there exists o center-affinity such that it
becomes one of the following 20 HQDSs:

¢ do! 1
L @ i =
2
1%.4 % =0 a9, i;t— = —2;1:1;]:‘3
3 3
r d.t. ( d 1
= (@)* + (=) =0
3°. 4 % = —oglg? 4°, % = 2pta®
3 3
%- =" 2x's? l % = dz's’,
‘ 1 . r I'.fI‘i
& =@+ () & ) - (Y
2 2
5. 4 % = 2;[:1:{;2 [ i 4 %-—- = 23:11;2
-3 4
% = 2;!:1323, L %ﬂ- = Deta?,
¢ - i P 1 o
=0 o o (@) + ()
2 2
7 E o2ale? - 2als? R
3 3
FEIE- = 2xls? 4 Baxla?, | d—j-— = 2xle® + 2Axte?,
(A >0) (A#0)
c,idif_ — {zh‘lﬁ % — {Ii ]_2 4 I::r_ijk 4 (ISJB
o ) dot s ) dz?
g L _ﬂ't_ - {l 10°. F =1
dz’ 0 de® 0
L ?i: =L ‘HE; =y
( dx
S i _(:ri:lﬂ [1:2]1 _ Ez:ﬂ}ﬁ % - {II}?
2 ]
1e.{ &= ¢ 12°. 95 - _ongia?
"%— =0, d—;ft— = 2hrls?,

(A=
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%d;; - {2'13 + [:t!}‘! + {ma}z [ %:_ = _[ml}n p I::Ij:lﬂ - {ES}E
13%, = —2Azts? 140, 95 _ _gyppe
Euﬁ).z:l::! E—ﬁl lxk
2 b e
{Jn.l:.‘:- ] {}'1} 0}
% = {11}2 %z;_ — {'I!.]2 + {mlji +{za}=
15°. 1 %’j = 2axts? 16°. Ej; = 2Artx?
dz® 1 dz” 1.8
'—Fﬂﬂliﬂf, LE=2}IEE1
0 03D © (#0)
& =@~ (") - & - @y
17 ‘%J = PAxla? ) o 18°. 4 % = 2Azla® — Zus'a®
1 %a = Pxlal, L %3 = 2uzlz? + 2heta?,
(A5 0) (A#£0,p>0)
dt (2 + ()} 312 ((de' 1 22 _ (82
G2 o @) + (P + () b @) - @ - @)
s dz’ 2 dx® 1,3 i3
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